A gauge invariant lagrangian whose BRST gauge fixing corresponds to the theory recently proposed by Witten in the framework of topological quantum field theory is presented. The solutions to the field equations corresponding to this lagrangian consist of self-dual Yang-Mills fields.
In recent years we have witnessed an important development in the study of the topology of low dimensional manifolds due to the works of Donaldson [1, 2] and Floer [3] . These works make use of the self-dual Yang-Mills equations and, in particular, Floer's work has been interpreted by Atiyah [4] in terms of a non-linear field theory involving Yang-Mills fields. The relation observed between Donaldson's approach applied to manifolds with boundary and
Floer's theory has led Atiyah to conjecture that the field theory involved in his interpretation of Floer's theory must be an approximation of a relativistic quantum field theory which may provide a field theory interpretation of Donaldson's theory. Witten has presented this relativistic field theory in a recent paper [5] , introducing the framework of topological quantum field theory [5, 6] . He has shown that the Donaldson invariants can be obtained via a path integral formulation of his theory. Witten's action possesses a BRST invariance and so it must correspond to the BRST quantized form of a gauge invariant theory. To find such a gauge invariant theory is an important matter because, on one hand, we may gain insight on the structure of actions involved in topological quantum field theory and, on the other hand, we may find a very useful tool to compute Donaldson invariants.
In this letter we present a lagrangian which leads to Witten's lagrangian after BRST quantization. Our construction is inspired by the work done in ref. [7] , where quadratic actions for self-dual fields in D = 4n + 2 dimensions in Minkowski space are considered. In particular, it is shown there that to a pair of self-dual tensor fields a Kähler-Dirac ghost is associated, following the approach of ref. [8] . The motivation of that work was to obtain the gravitational anomaly corresponding to a pair of self-dual tensors from an action principle.
In the construction presented here we take the formulation in ref. [7] and we write it in D = 4
Euclidean dimensions. It corresponds to one-forms or vector fields. We keep only one of the vector fields in the pair, and we interpret the self-dual part of the field-strength of the other one as an auxiliary field. Once this auxiliary field is integrated out, the resulting theory contains a gauge invariance which upon BRST gauge fixing leads to the formulation presented in ref. [5] .
The BRST quantization that will be carried out in this paper uses the Batalin-Vilkovisky algorithm [9] . In the process we find similar patterns to the ones found in the BRST quantization of the Freedman-Townsand model [10] and Witten's open string field theory [11] . These two theories have been also BRST quantized using a heuristic modified Faddeev-Popov procedure (in ref. [12] and [13] , respectively).
Our BRST quantization will consider all the gauge invariances present in the theory.
Witten's formulation [5] , however, though it corresponds to a BRST quantized theory, possesses still Yang-Mills gauge invariance, i.e., the theory is only partially BRST fixed. One should do a further BRST quantization corresponding to this invariance to obtain the full BRST quantized theory. We will show, using the Batalin-Vilkovisky algorithm [9] , that the BRST quantization of the action presented in this paper and the full BRST quantized theory proposed by Witten are equivalent. Actually, we are able to formulate a BRST quantized theory whose corresponding BRST transformations are nilpotent off-shell, contrary to the case of Witten's formulation which possesses nilpotency only on-shell. The presence of an additional auxiliary field permits the realization of nilpotency off-shell. Of course, after integrating out this field, this formulation and Witten's become identical.
Let us consider a gauge group G and let A α be the corresponding Yang-Mills connection with field strength,
Our starting point is the following lagrangian in D = 4 Euclidean dimensions,
where
αβ is an auxiliary field antisymmetric in its Lorentz indices (G (+)
In (1) we use the notation
so the auxiliary field G αβ is algebraically self-dual:
The lagrangian (1) is invariant under the following gauge transformations † ,
where ω is the the usual G gauge parameter and α is another gauge parameter. The lagrangian (1) also possesses a global scale invariance where the scaling dimensions for the fields (A α , G αβ ) are (1, 2) .
In (1) the topological invariant term 1 8 Tr F ∧ F may be dropped without disturbing any of the considerations that follow, since such a term, being topological invariant, is certainly invariant under both types of gauge transformations. However, we will include it in our formulation to obtain the theory that is used in ref. [5] [14] , although in that case one has cubic terms in the action. A quadratic version in that context was studied in ref.
[15] that in fact motivated the work [7] that has inspired the construction presented here.
Let us analyze the degrees of freedom in the lagrangian (1). The G αβ field equation is 
In this gauge the solutions to the Euler-Lagrange equations from (1) are self-dual Yang-Mills fields and they still possess full Yang-Mills gauge invariance.
Our next task is to carry out the BRST quantization of (1). The naive Faddeev-Popov procedure can not be applied to this theory because the second generation gauge invariance observed in (5) is realized only on-shell. We will use the Batalin-Vilkovisky algorithm [9] . In their classification, the theory at hand corresponds to a first-stage reducible theory due to the presence of the second generation gauge invariance observed in (5). The first step in the BRST quantization procedure consist of introducing ghost fields corresponding to the different gauge invariances: α → ψ α , ω → c and Λ → φ. The first two are Grassmann odd and possess ghost number +1; the third one, since it corresponds to the second generation, is
Grassmann even and has ghost number +2. These ghost fields and the classical fields A α and 
where the left and right derivatives are relevant for differentiation with respect to Grassmann odd fields. In addition, S(Φ a , Φ a * ) must satisfy the following boundary conditions,
where i, j, k are group-theoretical indices which label the adjoint representation of the gauge group G and f ijk are the structure constants. The boundary conditions (8) are obtained from the form of the gauge transformations. In this way, the first four conditions in (8) correspond to the gauge transformations (4) while the last two correspond to the second generation on-shell gauge invariance observed in (5) ‡ . In addition to the construction of S(Φ a , Φ a * ) a gauge fixing function, Ψ, must be chosen, which consists of fields multiplying the selected gauge conditions. These fields (antighosts and extraghosts fields) belong to the set Φ a . No antifields enter in Ψ. This gauge fixing function must be non-degenerate i.e.,
there must be no redundant gauge conditions. In first-stage reducible theories this function is typically degenerate and one is forced to introduce a new field called extraghost to make Ψ non-degenerate. As we will see below our gauge conditions are such that there is not need for the extraghost.
Once the object S(Φ a , Φ a * ) is constructed and the gauge-fixing function Ψ chosen, the quantum action is given by
The BRST transformations for the fields in Φ a are, (6)- (8) consists of ‡ In the BRST fixing described here we have introduced constant factors as the i's and minus signs in (8) to converge to the notation in ref. [5] . All amounts to field redefinitions by constant factors respect to the ordinary BRST procedure. 
Notice that a term quadratic in antifields appears in (11) . The origin of this term is related to the fact that the BRST transformations that one would obtain using (10) and considering only the linear terms in the antifields in (11) are not nilpotent off-shell (as one could have guessed from (5)). As a consequence, the master equation is not satisfied when having only linear terms in the antifields in (11) . Notice that, at linear level in antifields, from (10) follows that the master equation (6) Next, we must choose the gauge-fixing function Ψ. To do this one first introduces antighost fields which enter in Ψ in a linear form and whose coefficients correspond to the gauge-fixing conditions. Our choice of gauge fixing-conditions consists of the one discussed above for G αβ and two Lorentz-type conditions. Namely, we choose Ψ to be,
where the antighost fields are: χ αβ , which is self-dual Grassmann odd with ghost number -1; b, which is Grassmann odd with ghost number -1; and λ, which is Grassmann even with ghost number -2. The gauge-fixing function Ψ has ghost number -1. Since there are not redundant gauge conditions in (12) , the gauge fixing function Ψ is non-degenerate and so we do not need to introduce the extraghost which is usually present in first-stage reducible theories. This ends the minimal construction in the Batalin-Vilkovisky algorithm. Now, using (9) and (10) One can always introduce new fields in Φ a , new antifields in Φ a * , and add a new part to S, say, ∆S, satisfying the master equation. The standard choice [9] for ∆S is a product of antifields associated to the antighost fields and Lagrange multipliers (the π's in ref. [9] ). These
Lagrange multipliers impose the gauge-fixing conditions after varying them in the quantum action (9) . However, one is free to add to this standard choice other terms as long as (6) 
satisfies the master equation (6) .
The quantum action is easily obtained using (9) . We find from (1), (11) and (13),
The BRST transformations are derived using (10) from (11) and (13),
One can verify by explicit computation that the transformations (15) are actually nilpotent on-shell as guaranteed by the Batalin-Vilkovisky algorithm. The field equations must be used to achieve nilpotency on the fields G αβ and χ αβ .
The BRST quantized theory obtained in (14) and (15) is equivalent to the one proposed by Witten [5] once the BRST quantization concerning the G gauge symmetry is carried out in this last theory. It is simple to observe that BRST gauge fixing Witten's theory in the Lorentz gauge, ∂ α A α = 0, one obtains the last three terms in (14) and the BRST transformations (14) and (15) Nevertheless, it is important to notice that taking d αβ = 0 and keeping G αβ in (14) and (15) one obtains a BRST formulation whose BRST transformations are nilpotent off-shell.
The BRST quantized theory in (14) and (15) with d αβ = 0 is a very unusual one. It is simple to verify using (15) that the quantum lagrangian in (14) , can be written as
Since the last term in Θ f corresponds to the ones originating the last three terms in (14) , i.e., from the BRST gauge fixing of the G gauge symmetry, it follows that Witten's lagrangian, after adding the extra field G αβ can be written as δ B Θ = {Q, Θ}, where Θ = Tr
This property may be related to the fact that the classical action (1) vanishes if one integrates out the auxiliary field.
As we discussed above, the classical lagrangian (1) The Batalin-Vilkovisky algorithm possesses some freedom in choosing ∆S above, as well as the gauge-fixing function Ψ. The only requirements are that ∆S must satisfy the master equation (6) and that Ψ must not contain redundant gauge conditions. Here, our choices (12) and (13) lead to the equivalence between the BRST quantized theory from (1) and Witten's theory. Other choices are certainly possible. The simplest one consists of (12) and a product of antifields, corresponding to the antighost fields, and Lagrange multipliers (the first three terms in (13)). However, there are other choices which lead to extensions of Witten's full BRST quantized theory (they contain some extra auxiliary fields) and to a different set of BRST transformations. It would be interesting to know which choices are better suited to carry out the analysis on Donaldson invariants discussed in ref. [5] .
We would like to conclude with some final remarks. Since the classical action (1) van-
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ishes when the auxiliary field is integrated out there are not physical degrees of freedom in the theory. The only excitations can be topological. This naive argument must be made more precise by studying the path-integral measure and by taking into account the gauge invariance. The BRST gauge fixing constitutes a way of dealing with this and, as shown in ref. [5] , only the ground state is a Q-physical state. There are no physical excitations in the BRST fixed theory and only zero modes may contribute to the path integral.
Since the classical lagrangian is essentially zero, it is reasonable that the quantum lagrangian can be written as a BRST transformation. It will be interesting to characterize the type of theories where this phenomena occur. Certainly, it is not common to all the systems containing no physical excitations. One may conclude this from the form of the quantum action corresponding to the N = 2 spinning string or some systems involving chiral bosons.
In those cases one has a cancellation of degrees of freedom similar to the one in the theory at hand when constructing the Q-cohomology. However, the quantum lagrangian can not be written as a BRST transformation.
Additionally, also based on the fact that the classical lagrangian is essentially zero one may argue that the theory is invariant under metric deformations. In the quantum lagrangian this follows from the simple fact that since it can be written as a BRST transformation, the corresponding energy momentum tensor must have the same property.
It would be very interesting to study other types of theories which contain no physical degrees of freedom but just zero modes. It is straightforward to generalize this theory to dimension D = 4n in the abelian case. For instance, for D = 8, one would have a classical lagrangian L = (F (+) − G (+) ) 2 , with F = dA, and A a three-form. The auxiliary field can be eliminated using the gauge invariance following a similar procedure to the one in ref. [7] .
In D = 2 a model similar to the one considered in this paper was studied in ref.
[15] in Minkowski space. It was noted there that the model was physically unacceptable because of the presence of a field with the wrong sign in the kinetic term. If one continues such a field to obtain the right sign of the kinetic term one would expect to violate CPT. In the second paper of ref. [6] , Witten has studied two-dimensional models which correspond to the non-linear realization of the model described above. In these models the kinetic terms have the right sign but there is a CPT violating term. This identification leads us to conjecture that Witten's two-dimensional instantons are non-linear generalizations of chiral bosons, and as such they might have applications in string theory. We intend to pursue these ideas in due course.
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